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Half full or half empty?

Johannes Kepler is a well-known 17th century astronomer. He was particularly influential because

of the importance of his laws of planetary motion. However, he was also an eminent

mathematician. His dissatisfaction at how wine merchants used rough and ready methods to

estimate the volume of wine in the barrels they delivered led him to work out mathematical

methods that were more accurate. These methods involved finding volumes of revolution, and

might be considered as forerunners to calculus.

Methods similar to those devised by Kepler allow you to calculate the depth to which different

glasses can be filled so that each contains exactly the same amount of liquid. Although, perhaps,

the easiest way to do this is to measure out the same amount of liquid into each, the mathematics

involved is interesting.

Figure 1 Two identical glasses with one

containing twice the volume of liquid of the

other

For example, consider the picture of two

identical cocktail glasses in Figure 1. You

might be surprised to learn that one contains

exactly half the amount of liquid of the other.

How can one calculate the depth to which a

glass should be filled so that it is half full?

In the case of the glasses shown in Figure 1,

this is not too difficult as we could assume that

the glass is conical and use a formula for

calculating its volume (see Figure 2).

Figure 2 Formula for the volume of a coneFor the particular glass shown in Figure 1, the

radius of the maximum circular cross-section is

4.6 cm, and the depth of the glass is 5.5 cm. The

maximum volume of liquid, V cm3 , that can be

poured into the glass is approximately 122 cm3 .

The depth to which to fill the glass so that it is

half full can be found to be 4.37 cm.

volume of a cone, V ¼ 1
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Figure 3 Modelling a cone with a series

of concentric cylinders

An alternative method of calculating the volume

of the conical glass is to assume that it is made

of a series of concentric cylinders. Figure 3

shows just three of a series of these, together

with x and y axes aligned horizontally and

vertically respectively, with the vertex of the

cone as the origin. If eleven such cylinders

were used to make the entire conical glass, each

would have a depth of 0.5 cm.

The table in Figure 4 gives, for each successive cylinder, its radius, x cm, and the vertical distance,

y cm, of its upper circular face from the origin.

Figure 4 Table showing dimensions of eleven

cylinders used to model the conical cocktail

glass

This gives an over-estimate of the volume of the

entire cone, but using more cylinders will allow

you to calculate a more accurate estimate. The

radius, x cm, of a cylinder y cm from the origin

can be found using y ¼ 5:5

4:6
x . Therefore, the

volume, dV , of a cylinder with this radius and

thickness dy (see Figure 5) would be given by

dV ¼ px2 � dy ¼ p
4:6

5:5
y

� �2

dy

Figure 5 Dimensions of a general cylinder

used to build a model of a conical cocktail

glass

Summing all cylinders to give the total volume

of the cone gives V ¼
P

px2dy .

In the limit as dy ! 0 , the total volume of the

cone is, therefore, given by

V ¼
ð5:5
0

p
4:6

5:5
y

� �2

dy

leading to the result V ¼ 121:87 cm3 .

Cylinder no y (cm) x (cm) Volume (cm3)

1 5.50 4.60 33.24

2 5.00 4.18 27.45

3 4.50 3.76 22.21

4 4.00 3.35 17.63

5 3.50 2.93 13.49

6 3.00 2.51 9.90

7 2.50 2.09 6.86

8 2.00 1.67 4.38

9 1.50 1.25 2.45

10 1.00 0.84 1.11

11 0.50 0.42 0.28

TOTAL 139.00
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Such techniques can be used to find the volumes of other glasses if you know, or can find, a

function to describe the vertical cross-section of the glass. For example, consider the wine glass

shown in Figure 6. This also gives data for x and y coordinates, referring to axes as shown, which

were taken by measuring the glass.

Figure 6 Wine glass and data In this case, it is not easy to find a simple

function that is a good match to the outline of

the glass. However, as its graph, plotted in

Figure 7 with the data, shows, the function

y ¼ 0:35x2 might be considered a good enough

approximation.

Figure 7 Modelling the outline of a wine glass

In this case, the volume of liquid in the glass

when filled to a depth d cm, is given by

V ¼
ðd
0
px2dy . Using the function y ¼ 0:35x2 to

model the wine glass gives the volume of the

liquid when the glass is filled to a depth of d cm

as V ¼ 4:49d 2 cm3 .

Hence, to fill this glass so that it has the same

amount of liquid as the half-full cocktail glass

of Figure 1, you can now find that it should be

filled to a depth of 3.69 cm. The two glasses

containing this same amount of liquid are

shown in Figure 8.

Figure 8 Two glasses containing the same

volume of liquid

As the photographs in Figures 1 and 8

demonstrate, it is perhaps not surprising that the

wine merchants who delivered wine to Johannes

Kepler were prone to making errors in their

estimates!
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